We give a survey on the Lie group structures of pseudodifferential operators and Fourier integral operators together with their associated diffeomorphism groups. Our goal is to describe the case of open manifolds, but we first review the compact case and then outline the difficulties that arise for non-compact manifolds and show how we solved them.
Introduction
The theory of pseudodifferential operators and Fourier integral operators on compact manifolds is well established and their applications in mathematical physics well known , see for example Hörmander 8 , Duistermaat 5 , Treves
12
. For open (non compact) manifolds this is not the case, and that's what I would like to focus on in this paper. We are interested in the geometry of the spaces of pseudodifferential operators and Fourier integral operators and their associated diffeomorphism groups. Unfortunately, the theory on open manifolds is very technical and much more complicated than in the compact case . I will give here only a overview of the results and refer for technicalities to the published papers Eichhorn and Schmid 6 , 7 . Instead of going through the details of the construction of the Lie group structures of pseudodifferential and Fourier integral operators on open manifolds I will first review the compact case and then explain what goes wrong in the non compact case and how we fixed these problems.
REVIEW COMPACT CASE In 1985 we proved the following theorem Adams, Ratiu , Schmid 1 , 2 , 3 : Theorem: The group F IO * (M ) of invertible Fourier integral operators on a compact manifold M is a graded ∞-dim Lie group with graded ∞-dim Lie algebra ΨDO(M ) of pseudodifferential operators on M .
F IO * (M ) is and ∞-dim principal fiber bundle over the base manifold Dif f θ (Ṫ * M ) of contact transformations ofṪ * M with gauge group ΨDO * (M ) of invertible pseudodifferential operators.
In 2002 we proved an analogous theorem for open manifolds ,see Eichhorn and Schmid 7 . I'll first explain the construction of this principal fiber bundle and these Lie groups in the compact case.
2 The Lie group structure of F IO * (M ) on compact manifolds
What are Fourier integral operators ?
Let me call Fourier integral operators F IO for short.
• F IO generalize pseudodifferential operators (let me denote them by ΨDO) which in turn are a generalization of differential operators (call them DO). So we have the following inclusions as sets
F IO ⊃ ΨDO ⊃ DO
Let me start to explain the space ΨDO. Let M be a compact manifold. P is a classical ΨDO of order m on M (P ∈ ΨDO m ) if it is locally of the following form : for any u ∈ C ∞ c (M ) P u(x) = (2π)
−n e i(x−y)·ξ p(x, ξ)u(y)dy dξ (1) where p(x, ξ) ia a classical symbol of order m, i.e. it is a smooth function having an asymptotic expansion
where each term p j (x, ξ) is homogeneous of degree j in ξ, i.e p j (x, tξ) = t j p j (x, ξ) , t > 0. The leading term a m (x, ξ) is called the principal symbol of the operator P and it is globally defined on T * M . For more general symbol classes see eg. Hörmander 8 . We restrict ourselves to classical ΨDOs.
• Special case: If the symbol is a polynomial in ξ i.e. of the form
then P is a differential operator of order m, so ΨDO ⊃ DO .
ΨDOs are oscillatory integrals and highly singular but they are nice operators in the following sense: (i) They are invariant under diffeomorphisms, which implies that they are defined on the whole manifold M as bounded linear operators P :
(ii) they are pseudolocal i.e they preserve the singular support sing supp (P u) ⊂ sing supp (u), and they preserve the wave front sets W F , W F (P u) ⊂ W F (u), (iii) they extend as bounded linear operators to Sobolev spaces P :
(M ), (iv) they are closed under composition and the order is additive , i.e. if P ∈ ΨDO m and Q ∈ ΨDO n then P • Q ∈ ΨDO m+n , (v) the space of all pseudodifferential operators of all orders ΨDO = m ΨDO m is an ∞-dim graded Lie algebra, i.e. if P ∈ ΨDO m and Q ∈ ΨDO n then the commutator [P, Q] = P • Q − Q • P ∈ ΨDO m+n−1 . Note: The space ΨDO 1 of all ΨDOs of order one is itself an ∞-dim Lie algebra.
Remark: The principal symbol of the commutator [P, Q] is given by {p m , q n } the canonical Poisson bracket on T * M of the principal symbols p m of P and q n of Q. This property leads to a quantization theory via ΨDOs ! Since in infinite dimensions, not every Lie algebra has a corresponding Lie group, a natural question is the following:
QUESTION: Are there LIE GROUPS corresponding to these ∞-dim Lie algebras ΨDO and ΨDO 1 ? i.e. are there ∞-dim Lie groups G , G 1 which have ΨDO resp. ΨDO 1 as their Lie algebras ? Warning: The classical Lie theorems do not hold in ∞ dimensions ! i.e. not every ∞-dim Lie algebra automatically has a corresponding Lie group ! Nevertheless the answer is :
ANSWER: YES ! G = F IO * the group of invertible Fourier integral operators and and G 1 = (F IO o ) * the group of invertible Fourier integral operators of order zero are the ∞-dim. Lie groups with Lie algebras ΨDO and ΨDO 1 respectively.
Let me now explain what F IOs are:
A is a (classical) Fourier integral operator of order m (A ∈ F IO m ) if it is locally of the following form : for any u ∈ C ∞ c (M )
where a(x, ξ) is classical symbol of order m as in (2) i.e. a(x, ξ) ∼ −∞ j=m a j (x, ξ) and ϕ(x, y, ξ) is a nondegenerate phase function. We don't give the precise definition but one of the basic properties of the phase function ϕ(x, y, ξ) is that it is homogeneous of degree one in ξ and that it generates a conic Lagrangian submanifold Λ in T * (M × M ) − 0. We restrict ourselves to those F IOs for which this Lagrangian submanifold Λ is the graph of a diffeomorphism η :Ṫ * M →Ṫ * M , (whereṪ * M = T * M − 0, minus the zero section), i.e. Λ = graph(η) . This means that the phase function ϕ is locally a generating function of a homogeneous canonical transformation η :Ṫ * M →Ṫ * M : η * ω = ω, η(tα) = tη(α) which is equivalent that η preserves θ, the canonical 1-form on T * M , i.e. η * θ = θ. These diffeomorphisms are called quantomorphisms. (i) They are invariant under diffeomorphisms, which implies that they are defined on the whole manifold M as bounded linear operators A : (M ), (iii) they move the wave front sets (the complement of where u is C ∞ ) by a canonical relation Λ, i.e. W F (Au) ⊂ Λ • W F (u), where Λ is the conic Lagrangian submanifold Λ ⊂Ṫ * M ×Ṫ * M locally generated by the phase function ϕ(x, y, ξ) of A, (iv) they are closed under composition and the order order is additive i.e. if A 1 ∈ F IO m and A 2 ∈ F IO n then A 1 • A 2 ∈ F IO m+n . Moreover if η 1 is generated by the phase function ϕ 1 of A 1 and η 2 is generated by the phase function ϕ 2 of A 2 then η 1 • η 2 is generated by the phase function of A 1 • A 2 . If A ∈ F IO m is invertible with canonical transformation η then η −1 is generated by the phase function of A −1 ∈ F IO −m . 
We don't know the Lie groups structures of these groups yet, but we can give some heuristic arguments why these Lie algebras in (8) are the corresponding "Lie algebras" of the "Lie groups " in ( 7). The formal Lie algebras are identified with the corresponding tangent spaces at the identity. As we have for finite dimensional Lie groups G, the Lie algebra g T e G, e ∈ G the identiry. We have 1) Since the space ΨDO 0 of all ΨDOs of order zero is a vector space and the group (ΨDO 0 ) * of invertible elements is an open set in ΨDO 0 , its tangent space at I ∈ (ΨDO 0 ) * is isomorphic to ΨDO 0 , i.e T I (ΨDO 0 ) * = ΨDO 0 .
2) For the "Lie algebra" of (F IO 0 ) * , consider a curve in (F IO 0 ) * through the identity I. Taking its derivative (at I) we obtain a ΨDO of order one, since the phase functions of the F IOs are homogeneous of degree one, i.e by the chain rule we're adding to the symbol of an F IO of order zero a term of order one and evaluating at I , which gives a ΨDO of order one.
3
Remark: Note that we also have the corresponding exponential maps form the Lie algebras into the groups, but in infinite dimensions they don't locally generate the Lie groups (unlike in finite dim) i.e we cannot obtain our desired Lie group structures by exponentiating the corresponding Lie algebras
The principal fiber bundle
We have to construct these Lie groups and the idea is the following: Note that a ΨDO is determined by its symbol and these form a linear infinite dimensional vector space, whereas a F IO is characterized by a symbol and a phase function; the symbols again form a linear space but the phase functions are associated with diffeomorphisms which form an infinite dimensional (non linear ) manifold. So we the idea is to construct an ∞-dimensional principal fiber bundle such that • Step 3: We construct a local section of the exact sequence (7), which gives the local product structure at the identity.
• Step 4: We check compatibility conditions to obtain (F IO 0 ) * as a topological group.
• Step 5: We check smoothness of the chart transition maps to obtain (F IO 0 ) * as a smooth manifold.
• Step 6: We check smoothness of group multiplication and inversion to obtain (F IO 0 ) * as a ILH Lie group.
• Step 7: We carry the Lie group structure of (F IO 0 ) * to the whole space F IO * . is isomorphic to the semidirect product
Step
The composition of quantomorphisms goes into the semidirect product of contact transformation as follows: Let
With this we show that Dif f 
2.5
Step 2: (ΨDO 0 ) * as ILH Lie group
We show that (ΨDO 0 ) * = lim ∞←s (ΨDO s 0 ) * is an ILH Lie group . The topology on ΨDO is determined by the symbols, which are smooth functions and form a vector space but if we want to define a topology on ΨDO 0 directly, we would end up with a Frechet space because each P ∈ ΨDO 0 has a symbol of the form p(x, ξ) = −∞ j=0 p j (x, ξ), so we would have to have control over an infinite number of functions and their derivatives, and an infinite product of Hilbert spaces is no longer a Hilbert space. So what we do is to cut the symbol at the term p −k for some fixed k < ∞. In terms of operators we look at the quotient spaces ΨDO m,k = ΨDO m /ΨDO −k−1 . Similarly for F IO we take
Composition is still well defined in ΨDO 0,k and F IO 0,k and we denote by (ΨDO 0,k ) * and (F IO 0,k) * the groups of invertible elements in ΨDO 0,k and F IO 0,k respectively. We still have the exact sequence of groups: At the end of the day we will take the limit k → ∞ ! 2. 6 Step 3: The local section Now we have Lie group structures on both ends of our exact sequence (7) and we can piece these together via a local section σ
where U is a neighborhood of id ∈ Dif f ∞ θ . Since F IOs are defined locally, this requires to construct a global writing of F IOs which are associated to diffeomorphisms η ∈ Dif f ∞ θ which are close to the identity. This is quite elaborate and done in Adams, Ratiu, Schmid 2 . There we define the local section σ as follows: Let η ∈ Dif f ∞ θ close to the identity and define σ(η) by
where
is the neighborhood where exp x is a diffeomorphism and χ a bump function with supp χ ⊂ B δ (x). The operator σ(η) is a F IO with smooth phase function ϕ H and amplitude a = 1. Moreover, σ(η) is invertible modulo smoothing operators since η is invertible and its principal symbol is a = 1, hence σ(η) ∈ (F IO 0 ) * . Furthermore, pσ(η) = η, hence σ is a local section of the exact sequence (7). Now we can use this local section σ to give (F IO 0 ) * the local product structure
We define the topology around the identity in (F IO 0,k ) * by the bijection Φ :
θ . This defines a local chart at the identity I ∈ (F IO 0 ) * .
2.7
Step 4: (F IO 0 ) * as topological group 
which involves a careful study of products of F IOs.
2.8
Step 5: (F IO 0,k ) * as smooth manifold
Overlap conditions in local charts give conditions on σ to make (F IO 0 ) * into a smooth manifold. To prove smoothness of the transition maps between local charts we have to show that the following map is differentiable
for any A, B ∈ (F IO t 0,k ) * , where α = p(A), β = p(B). The symbol calculus shows that this map is of class C t , hence (F IO t 0,k ) * is a smooth manifold of class C t .
2.9
Step 6: (F IO 0 ) * as ILH Lie group
We check that the group multiplication and inversion
are differentiable which makes (F IO 0 ) * into a Lie group. To show that group multiplication in (F IO t 0,k ) * is smooth we have to show that the following map is differentiable
for any A ∈ (F IO 
Step 7: F IO * as Lie group
Now we have the zero order operators (F IO 0 ) * as a Lie group . In order to obtain a Lie group structure on all F IO * we use the Laplace operator to iden-
Multiplication is smooth between the appropriate spaces. Piecing this together for all m makes the group of invertible Fourier integral operators F IO * = ∪ m (F IO m ) * a graded direct limit of ILH Lie groups with Lie algebra ΨDO the space of pseudodifferential operators.
The final result for the compact case now is the following:
Main Theorem: (M. Adams, T. Ratiu, R. Schmid
,
2 ) The group F IO * (M ) of invertible Fourier integral operators on a compact manifold M is a graded ∞-dim ILH-Lie group with graded ∞-dim Lie algebra ΨDO(M ) of pseudodifferential operators on M . F IO * (M ) is and ∞-dim principal fiber bundle over the base manifold Dif f (
topological group with the inverse limit topology. (ii) The inclusions j : (F IO
The Lie algebra structure:
The Lie algebra of the ILH Lie group (F IO 0,k ) * is the ILH Lie algebra 
NON-COMPACE CASE
i . These covers are finite if M, N are compact. By Sobolev's imbedding theorem, this definition is invariant if s > m 2 + 1. In the compact case we can define the distance between f, g ∈ H s (M ) by
These definitions are meaningless if M, N are open ! Our solution to these type of problems is to replace compactness by bounded geometry.
Bounded geometry
Idea of bounded geometry • We have control over the metric and its derivatives up to any order.
• We have control over the mappings and their derivatives by the metric, i.e. the diffeomorphisms are adapted to the bounded geometry.
Definition: A Riemannian manifold (M n , g) has bounded geometry of order k, 0 ≤ k ≤ ∞, if M has a positive injectivity radius r inj (M ) and the curvature tensor R and all is derivatives up to order k are uniformly bounded; i.e the following two conditions (I) and (B k ) are satisfied: Given any open manifold M n and k ≥ 0, then there exists a complete Riemannian metric g on M n satisfying the conditions (I) and (B k ); i.e there is no topological obstruction for a metric with bounded geometry of any order.
We now adapt all our previous constructions to the bounded geometry of the underlying manifolds. All the manifolds are assumed to have bounded geometry, i.e. satisfy conditions (I) and (B k ).
Bounded maps
C ∞,r (M, N ) Consider (M, g), (N, h) open,
complete Riemannian manifolds satisfying (I) and (B
Equivalently:
ν is uniformly bounded in any normal coordinate system; |α| ≤ r, 1 ≤ r ≤ k.
We define the topology (uniform structure) on C ∞,r (M, N ) as follows. Two bounded maps f, g ∈ C ∞,r (M, N ) are said to be close iff there exists a vector field ξ along f (i.e. ξ ∈ C ∞ (f * T N )) with small H p -Sobolev norm ξ p,r < ε, with 0 < ε < 1 2 r inj (N ), such that g(x) = exp f (x) ξ(x); where
The completion of C ∞,r (M, N ) with respect to this uniform structure we denote by C p,r (M, N ).
Theorem: ( Eichhorn, Schmid N ) is a C k+1−r -Banach manifold, and for p = 2 it is a Hilbert manifold.
3.3
The bounded diffeomorphism group Dif f p,r (M ) .
Problem:
We have an additional problem, namely
. We need an additional assumption which implies that the bounded diffeomorphisms Dif f p,r (M ) are open in C p,r (M, M ) and each component is a C k+1−r -Banach manifold, and for p = 2 it is a Hilbert manifold. We assume that |λ| min (df ), the absolute value of the eigenvalues of the Jacobian of f , is bounded away from 0, i.e. Next we discuss some important subgroups of the diffeomorphism group, the volume preserving-, symplectic-and contact diffeomorphisms. 
is a submersion, and then argue that Dif f p,r ω (M ) = ψ −1 (ω) is a close submanifold. For this one needs a Sard's theorem and a Hodge decomposition theorem which allows one to conclude that the exterior derivative operator is closed. This is not automatically given for open manifolds, so we need an additional condition. Let ∆ q be the Laplace operator acting on q-forms, σ e (∆ q ) its essential spectrum and σ e (∆ q | (ker∆q) ⊥ ) the essential spectrum of ∆ q restricted to the orthogonal complement of its kernel. We assume that its g.l.b. inf σ e (∆ 1 | (ker∆1) ⊥ ) is bounded away from 0; i.e. we assume the following the spectral condition
inf
Then under this spectral condition (23) , the group of form preserving diffeomorphisms Dif f
6 . Under the above assumptions (20) and (23) we have the following theorem; the technique of the proof of which is similar to the compact case, but technically more complicated. 
Then g S := g T * M |S(T * M ) , the restriction of the Sasaki metric to the cosphere bundle S(T * M ) ⊂Ṫ * M , satisfies (I), (B k−1 ). Let θ be the canonical 1-form on T * M and consider
Like in the compact case we showed in Eichhorn, Schmid 7 that Dif f p,s θ is isomorphic to the semidirect product The situation rapidly changes if we restrict ourselves to bounded geometry and adapt these operators to the bounded geometry. This means, roughly speaking, that the family of local symbols together with their derivatives should be uniformly bounded. For F IOs we additionally restrict ourselves to comparatively smooth Lagrangian submanifolds Λ ofṪ * M ×Ṫ * M and phase functions also adapted to the bounded geometry. Then the corresponding spaces ΨDO and F IO have similar properties as in the compact case and we can use the same ideas as before to construct Lie group structures. This is technically quite complicated and we refer for details to Eichhorn and Schmid 7 and give here only the general ideas. Fourier integral operators are characterized by their symbols a(x, ξ) and their phase functions ϕ(x, y, ξ)
−n e iϕ(x,y,ξ) a(x, ξ)u(y)dy dξ .
The main idea is to require the following for symbols and phase functions:
• Symbols: The family of local symbols a(x, ξ) together with their derivatives should be uniformly bounded, i.e. they should be elements of C p,r (U ×R n , R).
• Phase functions: The phase functions ϕ(x, y, ξ) should locally generate canonical transformations in the space Dif f p,r θ (Ṫ * M ).
Uniform pseudodifferential operators UΨDO(M )
More precisely we define a class of uniformly bounded symbols as follows: Let B = B ε (0) ⊂ R n be the ball which is the domain of normal (geodesic) coordinates for all m ∈ M . This exists thanks to our assumption (I) of bounded geometry ! Let q ∈ R and define symbol families {a m } m∈M with
We define the space UΨDO q (M ) of uniform pseudodifferential operators of order q as follows:
A ∈ ΨDO q (M ) with Schwartz kernel
(R m smoothing operator). Note that −k ≤ q ⇒ UΨDO −k−1 ⊂ UΨDO q and denote UΨDO q,k := UΨDO q /UΨDO −k−1 and UΨDO s q,k its completion in the H s Sobolev norm.
Uniform Fourier integral operators UF IO(M )
Now we define a uniform family of nondegenerate phase functions {ϕ m } m∈M by requiring that each ϕ m (x, y, ξ) is locally generating a canonical transforma-
With this we define the class of uniform Fourier integral operators of order q, denoted by UF IO q as follows:
iϕm(x,y,ξ) a m (x, y, ξ)u(y)dydξ
where a m is a uniformly bounded classical symbol of order q and ϕ m a uniform phase function. Let UF IO q,k := UF IO q /UF IO −k−1 . We get the exact sequence of groups
7 steps to the Lie group UF IO
Now we follow the same ideas as in the compact case: Performing Steps 1,2...7 as before to construct ILH Lie groups structures on these spaces.
• Step 1: We show that Dif f is an ILH Lie group.
• Step 2: We show that (UΨDO 0 ) * = lim ∞←s (UΨDO s 0 ) * is an ILH Lie group . • Step 3: We construct a local section of the exact sequence (28) to obtain the local product structure around the identity.
• Step 4: We check compatibility conditions to obtain (UF IO 0 ) * as a topological group.
• Step 5: We check smoothness of the chart transitions maps to obtain (UF IO 0 ) * as a smooth manifold.
• Step 6: We check smoothness of group multiplication and inversion to obtain (UF IO 0 ) * as a ILH Lie group.
• Step 7: We carry the Lie group structure of (UF IO 0 ) * to the whole space UF IO * .
The openness of the underlying manifold always requires additional considerations and additional estimates which are quite technical and different from the compact case. In addition, the ILH-Lie algebras are quite different from the ones in the compact case. We refer to Eichhorn, Schmid 7 for details and state the main result: 
